
The Log-Linear Model

The flu example from last class is actually one of our
most common transformations called the log-linear
model:

lnY = β1 + β2X + ε

We can use ordinary least squares to estimate b1 and b2:

l̂n yi = b1 + b2xi

Remember that a change in logs is roughly equal to the
percentage change (as a decimal):

100 · b2 =
100 ·∆ln y

∆x
=

%∆y

∆x

J. Parman (UC-Davis) Analysis of Economic Data, Winter 2011 February 10, 2011 1 / 35



The Linear-Log Model

Another variation using logs is the linear-log model:

Y = β1 + β2 lnX + ε

We can use ordinary least squares to estimate b1 and b2:

ŷi = b1 + b2 ln xi

Interpreting b2:

1

100
b2 =

∆y

100 ·∆ ln x
=

∆y

%∆x

J. Parman (UC-Davis) Analysis of Economic Data, Winter 2011 February 10, 2011 2 / 35



The Linear-Log Model
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Data are for the year 2000 from the World Development
Indicators dataset.
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The Linear-Log Model
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Data are for the year 2000 from the World Development
Indicators dataset.
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The Log-Log Model

Our last variation using logs:

lnY = β1 + β2 lnX + ε

We can use ordinary least squares to estimate b1 and b2:

l̂n yi = b1 + b2lnxi

Interpreting b2:

b2 =
100 ·∆ ln y

100 ·∆ ln x
=

%∆y

%∆x
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The Log-Log Model
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Data are for the year 2000 from the World Development
Indicators dataset.

J. Parman (UC-Davis) Analysis of Economic Data, Winter 2011 February 10, 2011 6 / 35



The Log-Log Model
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Data are for the year 2000 from the World Development
Indicators dataset.
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When to Use Logs

Log-linear model:

Useful when the underlying relationship between x and
y is exponential (population growth, education and
wages, etc.)

Linear-log model:

Useful when x is on a very different scale for different
observations (when the independent variable is county
population, income, etc.)

Log-log model:

Useful when both x and y are on very different scales
for different observations or when calculating elasticities

Logs are useful in general whenever it makes sense to
think of percent changes in a variable
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Another Example of Data Transformation

A general pattern of wages over the life cycle is that
they rise early in your working career and then fall off at
the end of your career

For this reason, economists often think that a linear
model is not a good way to model wages or income as a
function of age

Instead, wages (or ln(wages)) are often regressed on a
polynomial of age
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Another Example of Data Transformation

4

working in the market sector, as indicated by their real
wage rates. 

The graph shows a major reason for the hump-shaped
profile of people’s labor earnings depending on age. The
curve is normalized so that it averages 1. It starts at around
0.5 and rises rapidly so that for a long time span later in
people’s working lives their efficiency is more than twice
what it is when they enter the workforce. In addition to
these life-cycle differences in workers’ skills comes the fact
that workers are of quite different abilities as they enter the

work force, depending on education and other factors. An
interesting study of the aggregate implications of the inter-
action between, on the one hand, the labor input divided
into low- and high-skilled workers and, on the other hand,
the capital input divided into structures and equipment is
in Krusell, Ohanian, Ríos-Rull, and Violante (2000). Their
focus is on real-wage movements in particular. For a dis-
cussion of cyclical implications, especially as they pertain
to measured labor-input fluctuations, see Kydland and
Petersen (1997), on which some parts of this lecture are
based.

Figure 2 displays the age distribution of the U.S. pop-
ulation in 1994 and also projected to 2020. The vertical axis
shows the percentage of people of different ages. You see
the noticeable hump in 1994 roughly in the 30-to-40 age
range. Predictably, there will be a corresponding hump in
2020. Of course, a reason to worry about this empirical pat-
tern is that in 2020 many, if not most, of these baby
boomers will have retired, putting a major strain on the
government budget constraint in general and the Social
Security system in particular. A beautiful study of the effects
the baby boomers in Spain (where immigration represents
much less of a complication for the population dynamics
than for the United States) may have on savings and real
interest rates is in Ríos-Rull (2001).

Finally, Figure 3 tells us about the age distribution of
immigrants to the United States. The curve for U.S. natives
is the same as that for 1994 in Figure 2, except now each
age group is five years wide and so the curve is smoother.
The key message is that most immigrants to the United
States are young. 

These are all elements that one may wish to add to a

U.S. Age Distribution of Natives and New Immigrants
Percentage of total population

Figure 3

SOURCE: Immigration and Naturalization Services Yearbook (years 1983–89), as reported in
Kjetil Storesletten (1995).
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Another Example of Data Transformation

Regressing ln(income) on a quadratic in age:

ln yi = b1 + b2 · agei + b3 · age2
i

How do we interpret the coefficients?

d ln y

dage
= b2 + 2b3 · age

The effect of an additional year of age on income varies
with age
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Polynomial Transformations

Quadratic model:

Y = β1 + β2X + β3X
2 + ε

Using a polynomial of order p:

Y = β1 + β2X + β3X
2 + ...+ βp+1X

p + ε

These are multivariate linear models that can still be
estimated with ordinary least squares

They are useful when there is a nonlinear but smooth
relationship between x and y
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Interpreting the Coefficients

Let’s focus on interpreting the coefficients in the
quadratic case

The change in y associated with a change in x of one
unit will depend on the magnitude of x

Suppose we are looking at age as our independent
variable and log income as our dependent variable and
estimate b2 equal to 0.10 and b3 equal to -0.001

In this case, log income is increasing in age (b2 > 0)
but at a decreasing rate (b3 < 0)
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Interpreting the Coefficients
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Interpreting the Coefficients
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Categorical Variables

So far, our analysis has focused on numerical variables

Another case where we have to transform the data is
when we have categorical variables

Suppose I have data on ice cream sales and the month
of the year

My data points would look like ($1500, July)

I can’t just regress ice cream sales on month

What if I just convert month to a number, January
equals 1, February equals 2, etc.?

Doesn’t work, these numbers don’t have any real
meaning so a change in y resulting from a change in
month number isn’t meaningful

J. Parman (UC-Davis) Analysis of Economic Data, Winter 2011 February 10, 2011 16 / 35



Categorical Variables

Solution: dummy variables

Dummy variables are a way to transform categorical
variables into a set of binary variables

In the ice cream example, we could define a dummy
variable for “summer months”:

summer = 1 if month ∈ (June, July ,August)

summer = 0 otherwise

Now we can regress ice cream sales on this dummy:

sales = b1 + b2 · summer

Notice that if it is a non-summer month, predicted sales
are equal to b1 while if it is a summer month, predicted
sales are equal to b1 + b2

So b2 captures the additional sales associated with
summer months relative to non-summer months
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Categorical Variables

Our general model with a dummy variable:

Y = β1 + β2D

where D is equal to 1 if a certain condition holds and
zero otherwise

We can get estimates b1 and b2 by regressing yi on xi :

ŷi = b1 + b2di

Interpreting results:

ŷ(d = 0) = b1

ŷ(d = 1) = b1 + b2

ŷ(d = 1)− ŷ(d = 0) = b2
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A Review of Bivariate Data Transformation

Recall that the point of bivariate data transformation
was to get our data into a form where the dependent
variable is a linear function of the independent variable

Examples of data transformation: taking natural logs
(log-linear, linear-log, log-log), using polynomials,
creating dummy variables

How to know a transformation is needed:

Economic intuition (eg. percent changes make sense)
Scatter plot reveals a nonlinear relationship
Observations can be on very different scales (income,
population, etc.)
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A Review of Bivariate Data Transformation
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A Review of Bivariate Data Transformation

Notice that deaths from influenze have a U-shape for
1892

It would make sense to use a quadratic to estimate the
relationship between age and influenza deaths

For 1918 it’s a bit more complicated, there is the
U-shape but an additional peak in the late-20s

It would still make sense to use a polynomial but you’ll
want more terms
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A Review of Bivariate Data Transformation

THE WASHINGTON QUARTERLY � WINTER 2000

Globalization and Postmodern Values l

217

Figure 3: Subjective Well-Being by Level of Economic
Development (r=.68; p<.000)

Source: Subjective well-being data from the 1990 and 1996 World Values Surveys (see note to Figure 7). GNP per capita for
1993 data from World Bank, World Development Report, 1995 (New York: Oxford University Press, 1995).
Note: The subjective well-being index reflects the average of the percentage in each country who describe themselves as
“very happy” or “happy” minus the percentage who describe themselves as “not very happy” or “unhappy”; and the per-
centage placing themselves in the 7-10 range, minus the percentage placing themselves in the 1-4 range, on a 10-point
scale on which 1 indicates that one is strongly dissatisfied with one’s life as a whole, and 10 indicates that one is highly
satisfied with one’s life as a whole.
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equally significant, but was not recognized until the WVS measured hap-
piness and life satisfaction throughout the world. Human happiness also
shows a strong linkage with economic development. Here, too, the rela-
tionship is curvilinear. As one moves from subsistence-level economies,
such as India or Nigeria, to advanced industrial societies, there is a large
increase in the proportion of the population who consider themselves very
happy or very satisfied with their lives as a whole. But above a certain
level (about where South Korea or Ireland currently are), the curve levels
off. Among advanced industrial societies, there is practically no relation-
ship between income level and subjective well being. Here too, Ireland
ranks higher than West Germany.
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A Review of Bivariate Data Transformation

Notice that the observations are bunched close together
at low levels of GNP per capita and then much more
spread out at large levels of GNP per capita

This suggests we may want to use a log transformation
of GNP per capita

Another reason to use the log transformation is that
percent changes in GNP per capita are much more
meaningful than absolute changes (going from $1,000
to $2,000 is very different than going from $30,000 to
$31,000)

The happiness levels are already nicely spread out and
in units that are easy to interpret

So a linear-log model looks reasonable here
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Using Data Transformations

First, transform your data (create new variables in
Excel)

Once you have your transformed variables, you just use
them as your x and y

Be careful, all of your calculations should be in terms of
the transformed variables (if your independent variable
is log income, your x̄ is the mean of the log income, not
the log of the mean income)

Interpretations of the coefficients and the R2 are
different now

To Excel for one last example with dummy variables
(how-to-ski-and-surf.xlsx)...
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Multivariate Data
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Multivariate Data: Overview

We have seen how to analyze univariate data and
bivariate data

Now it is time to move on to working with more than
two variables

This is going to require a different set of techniques

Most of what we do in economics uses more than two
variables, even if the question of interest is the
relationship between x and y

Why? Because we’re never in a controlled environment,
there are lots of things other than x and y moving
around
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Multivariate Data: Overview

The general plan for studying multivariate data:

Data description: graphical techniques

Data description: regression

Statistical inference: single slope (t-stats)

Statistical inference: multiple slopes simultaneously
(F-stats)
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Graphing Multivariate Data

With three variables, you can do a three-way scatter
plot (or a surface)

With additional variables, you have to start getting
creative (3-D surface with color, animation to show a
time dimension, etc.)

An alternative is to produce a scatterplot for every
pairing of variables (doesn’t really capture multivariate
interactions)
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Graphing Multivariate Data
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Graphing Multivariate Data
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Describing Multivariate Data with a Regression

Graphs aren’t going to get us too far with multivariate
data

Instead, the most common approach is to use a
multivariate regression

This approach assumes that we have one dependent
variable of interest (y)

Now, we have several independent variables and need a
little new notation
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Multivariate Regression

We now have K random variables:

Y : dependent variable, outcome, left-hand-side (LHS)
variable
X2, ...,XK : covariates, explanatory variables,
independent variables, right-hand-side (RHS) variables,
regressors

With these K variables, we also have K unknown
population parameters (K different β’s)
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Multivariate Regression

Our model is now:

Y = β1 + β2X2 + β3X3 + ...+ βKXK + ε

We want to estimate a ’best-fit’ line:

ŷi = b1 + b2x2i + b3x3i + ...+ bKxKi

ŷi : predicted value of Y for individual i
x2i , ..., xKi : values of X2, ...,XK for individual i
b1: intercept
bk : predicted ∆Y for a one unit increase in Xk holding
all other X ’s constant
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Multivariate Regression

As an illustration, let’s think about a wage regression

Suppose we think wage (w) is a function of education
(edu) and (age) so we estimate the following best fit
line:

ŵi = b1 + b2edui + b3agei

b2 is telling us ∆w
∆edu when age is held constant

b3 is telling us ∆w
∆age when education is held constant

J. Parman (UC-Davis) Analysis of Economic Data, Winter 2011 February 10, 2011 34 / 35



Multivariate Regression
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